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Let n(r, k) denote the maximal cardinality of Spemer families on a r-element set 
in which no k > 3 sets have an empty intersection. Frank1 determined n(r, 3) 
for r sutficiently large. In this paper we prove 
n(r, k) = 
for k > 4 and r arbitrary and for k = 3 when r is odd except for 12 values of r. 
For k = 3 when r E {4, 6, 7) or sufficiently large (e.g. r > 400) 
n(r, k) = 
is proven. The extremal families are determined also. 
1. INTRODUCTION AND NOTATION 
A Sperner family % = (X, ,..., X,} is a set of subsets of R = {l,..., r> 
(r > 2) such that no one subset contains another. Let k > 2 be an integer. 
) g 1 denotes the cardinality of 9 while 1 X 1 denotes the cardinality of X. 
(li(r, k) denotes the set of all Sperner families 9 on R satisfying 
$ f R for all integers il ,..., ik with 1 < il < -a* < ik < n. (1) 
Further let n(r, k) = max{j s 1: 5 E 6(r, k)}. 
Each Sperner family s on R\(v), 0 E R, belongs to B(r, k), i.e., for any r 
and k we have B(r, k) # o and n(r, k) exists. 
F = {XI ,..., X,) E (li(r, k) holds if and only if {R\X, ,..., R\X,} is a 
Sperner family on R in which no k sets have an empty intersection. Therefore 
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we obtain the same function n(r, k) by exchanging the union by the inter- 
section in (1). 
rz(r, 2) was determined by Milner [9] and later by Brace and Daykin [l]. 
The maximal cardinality of families g E (ti(r, k) was determined by Frank1 [4] 
if 1 X 1 = c > [(r - 1)/k] + 1 or 1 X 1 3 [(r - 1)/k] + 1 for all XE 9. 
Finally Frank1 [4] determined n(r, 3) for large enough r (e.g., for even 
r > 1000 and odd I > 300). 
In this paper we determine n(r, k) (i.e., without restrictions of the cardi- 
nality of the X’s) for 
1. k >4andallrand 
2. k = 3 and all odd r with exception of 11 values and all even r 
sufficiently large (e.g., r > 400). For the remaining values of r we give lower 
and upper bounds for n(r, k). 
2. MAIN RESULTS 
We prove the following theorems. 
THEOREM 1. (1) n(r, k) = (Lc,.I$,21) if k 3 4 and r arbitrary, and, if 
k = 3, r = 2, 3, 5, 9, 15, 21,27, 33, 39, 41 or odd r 3 45. 1 9 1 = n(r, k) 
holds if and only $9 is a Sperner family on R\(v) for some v E R. 
(2) n(r, 3) = (r~rZift~J + 1 if r = 4, 6, 7 or if r is suficiently large 
(e.g., r Z 400). 1 F I = n(r, 3) holds ifand only if* consists of allsubsets of R 
of cardinality 2, if r = 7, or, tjc r # 7, of all subsets of R\(v) of cardinality 
(r - 2)/2 and the set (v> for some v E R. 
THEOREM 2. For the values of r which were not described in Theorem 1 it 
holds: 
(1) (,:~:])(n(r.li-;([:l:l)+([r~~~-l) 
for r = 11, 13, 17, 19, 23, 25, 29, 31, 35, 37, 43. 
for even r. 
Before we will prove these theorems we present some known results we 
will use. 
21 - k 
l-1 IA+ ; ’ 21-k I 9 I. 
I 
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Ifs is a family of subsets of R then 6 denotes the family of sets belonging 
to F and having cardinality i, while 
~F==(F:~GEF,PcG,~G\F( = I}. 
Katona [7] proved the following theorem in a more general form. 
THEOREM 3 (Katona [7, Theorem 21). Ifs is afamiIy ofsets of cardinality 
132satisfyingIXnYI>k>lfiranyX,YE~,then 
pi = 1 fli 1 (i = O,..., r) are called parameters of the family 9. 
If X and Y are two subsets of R, neither of which contain the other, write 
X < Y if max{v: v E X\Y} < max{u: u E Y\X}. This defines a total order of 
the sets of the same cardinality. Clements [2] and Daykin, Godfrey and 
Hilton [3] have shown that if Z& consists of the pi first sets of cardinality i, 
Ag* consists of the first sets of cardinality (i - l), and if there is a Sperner 
family F with parameters p0 ,,.., pr then there is a canonical Sperner family 
9’g with the same parameters. The family 9’s is as follows. If m is the 
largest index such that pm # 0 we take the first pm sets of cardinality m; 
then we take the first pnzpI sets of cardinality m - 1 which are not contained 
by any sets of (9’q, ; then we take the first P,,-~ sets of cardinality m - 2 
which are not contained by any sets of (9’9% u (9’9=),-1 ; and so on. 
THEOREM 4 (Hilton [6, Theorem 21). Let 9 E (li(r, k) and let p0 ,...,p,. 
be the parameters of F. Let pi = 0 for any i < (r - 1)/k. Then 9’F also has 
that property; in fact every set in 9’9 does not contain r. 
Finally let W(r, k) = (9: S E B(r, k), uXE9 X = R}. 
LEMMA 1. W(r, k) # % holds if and only ifr > k. 
ProoJ If r > k then the family {(l}, {2},..., {r}} belongs to W(r, k). Let 
r < k. Let us assume that there is a family 9 E W(r, k). The sets of 9 cover 
R. Therefore there is a subfamily of 9 consisting of at most I R 1 = r sets 
which cover R too,:i.e., there are at most r < k sets of F having union R, 
which is a contradiction. Q.E.D. 
If r > k then let nl(r, k) = max{l 9 I: @ E W(r, k)>. By Lemma 1 nl(r, k) 
exists. 
Let h(9) be the largest index i with pi # 0. 
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3. AN UPPER BOUND FOR nl(~, k) 
In this section let r > k. We prove 
This is only an upper bound for d(r, k) which is sufficient for proving 
Theorem 1 and Theorem 2. In the case k = 3 the author has the 
Conjecture. 
d(r,3)= jr:,il]) + [rF2[t12]m2) for ra8.l 
In this section let us consider such a family 9 E W(r, k) with j 9 1 = 
d(r, k) for which h = h(F) is minimal. 
In order to prove Theorem 5 we need the following lemma. 
LEMMA 2. 
r-kfl 
1x1 < [ 2 ] forany XEF. 
Proof. Assume the contrary. Let 
Consider any X, YE J?’ having an empty intersection, i.e., 1 X u Y 1 = 
1 X 1 + 1 Y I. By 9 E W(r, k) follows that there are X, ,..., Xi E F\{X, Y} with 
and 
XuYu(JXj=R 
j=l 
i<r-jXUYj<r-2 
([ 
r-“,“]+1, 
<r-2 
( 
++l)=k-2. 
Hence, the at most ,k sets X, Y, X, ,..., Xi have the union R, which is a 
1 The author proved it for r > 56. 
58 HANS-DIETRICH 0. F. GRONAU 
contradiction to * E Br(r, Ic). Therefore any two sets X, YE s(s) have a 
nonempty intersection. 
We construct the family V = ($\sA) u dflA . It is well known that 9 
is a Sperner family too [lo], and it is easy to see that fl belongs to Bl(r, k). 
Using Theorem 3 we obtain 
tzx - ‘1 I~--%/> “-l-l.w=l%l (2A - ‘)h 
and hence 19’ 1 3 ] 9’ j. Further h(fl’) = A(*) - 1. Either 1 9’ j > j F ) 
contradicts 1 3 j = nl(v, k) or, if 1 %’ I = I # 1, h(F’) < X(9) contradicts 
the supposition that A(9) is minimal. Q.E.D. 
Proof of Theorem 5. Let F = F” u F, where 
and 
Let 9g = & U sI , where 2$ = {X: X E 9g, r $ X) and FI = {X: 
XE 9’9, r E X>. By the construction of the canonical Sperner family 
9’F” C 99 follows immediately. By Theorem 4 any XE 99” satisfies 
r 4 X, i.e., 99” C s0 . 
(a) F0 is a Sperner family on R\(r). By Lubell’s inequality [S] we have 
and by 
it follows that 
r-l 
) (I 
r- 1 
( IX/ G 
r---k+1 , 
2 11 
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or in analogy 
r-2 r--k+1 
I%l G 
[ 2 1 
r-k+1 P[(7--k+1) 121 
r- [ 2 1 
+ 
(b) *I is a Sperner family with r E X for any x E F1 . Let g1 = 
(X: XC R\(r), X u {r} E &}. Then j PI 1 = 1 @I 1 and g1 is a Sperner family 
on R\(r) with I X 1 < [(r - 1)/k] - 1 for any X E s1 . In analogy to (a) 
we obtain 
l&l< (4) 
By (2) and (4) we get 
and more exactly by (3) and (4) we get 
r-k+1 
ISI G 
u--2[ 2 1 
[ 
r-k+1 1 
Pl(r-7c+1) izl 
r- 
2 
[ 
r-k+1 
t- 
r- 
rrT;:l, (&L,) + (&-J. (5) 
Theorem 5 is proved. Q.E.D. 
4. PROOFS OF THEOREMS 1 AND 2 
G(r, k)\W(r, k) only consists of families F satisfying uxe9 X # R, i.e., 
for each such 9 there is an element v E R with v 4 X for any X E 9. 
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Hence % is a Sperner family on R\(v). By Sperner’s theorem [lo] we obtain 
r-l 
max IF/= 
i i. VI 2 
1. In order to prove Theorem l(1) we have only to show, for r > k, 
1 .l. Let k > 4. It is clear that 
In order to prove (6) it is sufficient to show that 
holds. (7) is equivalent to 
(r - [=g])(r - [J+] - 1) e.0 
x (r - [+I + l)(r - 2 [+I) 
K(r) = 
([+])([+I - 1) -** ([+I) 
> 1. (8) 
We prove (8) for 5 < r \( 20 by the following table, 
r 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 
K(r) 2 5 5 14 a y ‘+ 12 2 
11 33 286 143 143 143 52 
T-121 56 
-_ 
20 24 7 
and, for r > 21, by induction using g(r) = K(r)/K(r - 4) > 1. Applying 
r/2 - 1 < [(r - I)/21 < (r - I)/2 and r/4 - I < [(r - 1)/43 < (r - 1)/4 
we get 
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i 
(1. - [+])(r - [+I - 1) 
x (1. - [+I - 2)([=p] - 1) 
g(r) = 
i 
(r - [+] - l)(r - [+I)([+])( [+I - 1) 
2lr+4 r-3 r-8 
%rT- 
__ = g(r). 
r-3 
The functionf(x) = (x + CX)/(X + /3) is monotonically increasing if and only 
if a! ==c /3. Hence g(r) > g(21) = 208/207 > 1, i.e., l(1) is proved in this case. 
1.2. Let k = 3. Let r = 2p + 1 (p 3 2). Then (6) is equivalent to 
Let 
Then 
K,(p) = (2P - g] + 1)(2P - E], ... (p +A > 1 
p(p - 1) ... y ([ I) 
g’(t) = K'(3t + 3) 
K'(3t) *  
21° t + Q t + 2 (t + 4)” 1 
g’(t) = - _ - - 
36 t+Q t+l (t+$)S t+g’ 
By our remark above g’(t) is monotonically increasing and we obtain for 
t 3 8: g’(t) > g’(8) = 85544/68445 > 1. Using K’(24) = 35061/29716 > 1 
it follows by induction that 
Moreover, 
K'(3t) > 1 for t 3 8. (9) 
K(3t - 1) (3t + 1)(3t) 
K’(3t) (4t + 1)(2t - 1) > 1 
and 
K(3t + 1) 
K’(3t) 
= (4t + 3)(4f + 2) > 1 
(3t + 2)(3t + 1) . 
By (9) it follows K’(p) > 1 for p > 23, i.e., r 3 47 and odd. 
For the remaining r we prove K’(p) > 1 by the following table, 
r 5 9 15 21 27 33 39 41 45 
K’(P) 
* 1 33 13 323 1311 3795 759 175305 * 
4 28 12 286 1040 2584 646 99484 
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This completes the proof of Theorem l(1). 
2. For r = 4,6,7, Theorem 5 says us 
r-l 
nl(r, 3) < 
( i [‘-‘I 
+ 1, 
2 
where equality holds for the families described in l(2). It can be verified that 
these are the only families with that cardinality. In Frankl [4] the statement 
of Theorem l(2) is proved for 
( 2 
r-l 
I+-2)/Z > 1 - r(r + 2) 
,i 1 
r-2, - 2 
if r is even. 
In order to prove Theorem l(2) completely, we have only to show that 
( r-l 1 r-l IS/\< r-2 for P+~)/~ < i 1 2 -
2 r(r + 2) 
,i r-2 1 . - 2 
Using (5) we obtain 
r-l 
I F I < r - 2 ( i + W+), 2 
where 
h(r) < 0 is equivalent to 
( 
r/2-1 
I-I 
r - [(r - 1)/3] - r/2 + 1 + i 
i;-[(c-l)/3] 
i 1 
8 , 1 
r(r + 2)2 ’ ’ (10) 
(10) is satisfied, if (4/3)(r+2)/6 * [8/r(r + 2)2] 2 1 holds. The last inequality is 
satisfied for large enough r, e.g., r 3 400. Q.E.D. 
3. The left-hand estimations of Theorem 2 follow by the existence of 
families fl E Q(r, k) having these cardinalities (see Theorem 1). The right- 
hand estimations follow by Theorem 5 proving 
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(:fI)<(::f:)+([rtl~-l) 
for r = 11, 13, 17, 19, 23, 25, 29, 31, 35, 37, 43. 
This inequality is equivalent to K’(p) < 1, where K’(p) is defined as in 1.2. 
The last estimation we prove by the following table, 
r 11 13 17 19 23 25 29 31 35 37 43 
K’(P) 14 3 11 11 182 437 
E 3 14 %?i %i 
--- 119 2584 2907 -- 6325 8671 
198 3003 7590 441 7956 9044 
Theorem 2 is proved. Q.E.D. 
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